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We characterize which 3-connected graphs are intrinsically chiral in terms of
whether or not a certain type of graph automorphism exists.  1996 Academic Press, Inc.
Recently, topology and graph theory have come together to study
graphs embedded in 3-space, (see for example [15]). An analysis of the
symmetries of spatial graphs is useful in chemistry in determining when a
molecular bond graph is chiral (i.e., distinct from its mirror image). We are
interested in classifying those graphs whose intrinsic structure is such that
no matter how they are embedded in space they cannot have mirror image
symmetry. Such a graph is said to be intrinsically chiral, since its chirality
comes from the intrinsic structure of the graph rather than the extrinsic
structure of a particular embedding of the graph in space. The concept of
intrinsic chirality also has a chemical interpretation. Stereoisomers are
defined to be distinct molecules which have the same chemical formula and
whose molecular bond graphs are abstractly isomorphic. For example, a
molecule whose bond graph is in the form of a circle and a molecule whose
bond graph is in the form of a knot are stereoisomers if they have the same
molecular formula. If a molecule is intrinsically chiral then it and all its
stereoisomers are chiral and will remain chiral under any thermal agitation.
Several chemists have created hierarchies of molecular chirality, in which
intrinsic chirality is the strongest type of chirality [6, 7].
Formally, we say that a graph G is intrinsically chiral if, no matter how
G is embedded in S3 (the three sphere), there is no orientation reversing
homeomorphism of (S3, G). While chemists generally consider graphs
embedded in Euclidean 3-space, we can use more topological machinery if
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instead we do our proofs in S 3. However, the reader should note that we
obtain the same results whether we consider graphs in R3 or S 3, since it is
not hard to prove that a graph is intrinsically chiral in R3 if and only if it
is intrinsically chiral in S3.
Many graphs have been shown to be intrinsically chiral. Among them
there are quite a few molecular graphs. In particular, the molecular Mo bius
ladders with an odd number of rungs, synthesized by Walba et al. [8],
were shown to be intrinsically chiral in [9]. In addition, the graph of the
SimmonsPaquette molecule, synthesized by Simmons and Maggio [10]
and Paquette and Vazeux [11], was shown in [12] to be intrinsically
chiral. Liang and Mislow [7] have also found a variety of other intrinsi-
cally chiral molecular graphs, including some proteins. Elsewhere, we have
shown that all complete graphs with 4p+3 vertices [13] are intrinsically
chiral. In general, we would like to characterize all those graphs which are
intrinsically chiral. In this paper we characterize those 3-connected graphs
which are intrinsically chiral in terms of whether or not a certain type of
graph automorphism exists. Then we use our characterization to prove that
a new class of graphs is intrinsically chiral.
By a graph we shall mean a connected graph such that every edge has
two distinct vertices and no two edges have the same two vertices. We shall
let G denote an abstract graph and let (S 3, G) denote an embedding of G
in S 3. Throughout the paper we shall assume our graphs have no vertices
of valence 2. We make this assumption so that if h is a homeomorphism
of some embedding (S3, G), then h | G takes vertices to vertices and edges
to edges, and thus h induces an automorphism , of G. Observe that, by our
definition of a graph, every automorphism of G is determined by its action
on the vertices of G. We shall use the notation (a, b) to refer to an edge
with vertices a and b.
Definition. Let G be a graph and let V be a subset of the vertices
of G. The subgraph of G spanned by V is defined to be the set of vertices
V together with all those edges in G both of whose vertices are in V.
Definition. Let , be an automorphism of a graph G. Suppose there is
an embedding (S3, G) and a homeomorphism h of (S 3, G) which induces
, on G. Then we say h realizes ,.
We now prove three lemmas which correspond to the three types of rigid
orientation reversing homeomorphisms of S3.
Definition. Let G be a graph with an order 2 automorphism ,. We say
, is of type 1 if the vertices of G can be partitioned into three sets, V1 , W2 ,
and W$2 which satisfy:
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1. , fixes V1 and , interchanges the vertices of W2 and W$2 .
2. The subgraph G1 spanned by V1 is planar.
3. If there is an edge with vertex p in W2 and vertex q in W$2 , then
,( p)=q.
Lemma 1. A graph G can be embedded in S3 such that there is an orien-
tation reversing homeomorphism h of (S3, G) with order 2 and fixed point set
a 2-sphere P, if and only if G has an automorphism , of type 1.
Proof. Suppose that h is an orientation reversing homeomorphism of
(S3, G) of order 2 with fixed point set a 2-sphere P. Let , be the
automorphism of G which is induced by h. Let V1 be the vertices which are
fixed by ,, and let G1 be the subgraph spanned by V1 . Since h has finite
order and each vertex of G1 is fixed by h, every point of G1 must also be
fixed by h. Thus G1 is contained in P, and hence G1 is planar. Also P
separates S3, so let W2 be those vertices in one component of S3&P and
let W$2 be those vertices in the other component of S3&P. Since h inter-
changes these two components, , will interchange W2 and W$2 . Finally, let
e=(v, w) be an edge in G such that v is in W2 and w is in W$2 . Then e
intersects P, hence h fixes a point of e. Thus ,(e)=e and so ,(v)=w.
Therefore , is of type 1.
To show the converse we construct the desired embedding of G in R3 then
add the point at infinity. Let , be a type 1 automorphism of G. Let P be the
xy-plane in R3 and h the reflection of R3 through this plane. Since G1
is assumed to be planar, fix some embedding of G1 in P. Let G1, 2 denote
the subgraph spanned by V1 _ W2 , and let G$1, 2 denote the subgraph
spanned by V1 _ W$2 . Fix any embedding of G1, 2 in the upper half
space [(x, y, z) | z>0] which extends our embedding of G1 . Since G$1, 2 is
homeomorphic to G1, 2 , the image h(G$1, 2) gives the desired embedding of
G$1, 2 in the lower half space. Now, after possibly adjusting the graph slightly,
we can add straight vertical edges wherever necessary between vertices v and
,(v). As these are the only edges between W2 and W$2 , we have completed
our embedding of G. Now extend h to S3 by fixing the point at infinity, to
get an orientation reversing homeomorphism of (S3, G) which induces ,.
Definition. Let G be a graph with an order 2 automorphism ,. We say
, is of type 2 if the vertices of G can be partitioned into three sets, V1 , W2 ,
and W$2 which satisfy:
1. , fixes V1 and , interchanges the vertices of W2 and W$2 .
2. The subgraph G1 spanned by V1 contains no edges.
3. The sum of the number of vertices in V1 and the number of edges
with vertices v and ,(v) is at most two.
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Lemma 2. A graph G can be embedded in S3 such that there is an orien-
tation reversing homeomorphism h of (S3, G) with order 2 and fixed point set
two points, if and only if G has an automorphism , of type 2.
Proof. Suppose that h is an orientation reversing homeomorphism of
(S3, G) of order two with fixed point set [ p1 , p2]. Let , be the
automorphism of G which is induced by h. Let V1 be those vertices which
are fixed by ,, and partition the remaining vertices into two sets W2 and
W$2 so that h interchanges W2 and W$2 . Since h has finite order, G1 must
also be fixed pointwise by h, and hence must be contained in [ p1 , p2]. If
e is an edge of the form (v, ,(v)) then ,(e)=e and so h fixes a point of e.
Since the fixed point set of h contains just two points, , must satisfy all
three of the conditions of a type 2 automorphism.
To show the converse consider S 3 as R3 together with the point at
infinity. Let , be type 2 automorphism of G. In R3, let P denote the
xy-plane and let L denote the z-axis. Let h denote the homeomorphism of
S3 which fixes the point at infinity and reflects R3 through P while rotating
about L by ?. That is, h is just a standard orientation reversing involution
of S3 with two fixed points. Let G2 denote the subgraph spanned by W2
and let G$2 denote the subgraph spanned by W$2 . Fix some embedding of G2 in
the upper half space. Embed G$2 as the image h(G2) in the lower half space.
Suppose the vertices in W2 and W$2 are labelled [v1 , ..., vn] and
[v$1 , ..., v$n] such that for each i, we have ,(vi)=v$i . If e is an edge of the
form (vi , v$j) where i<j, then fix an embedding of e in R3 which does not
meet L or any part of G which we have already embedded. By deforming
the edges a little bit if necessary in the orbit space S3h we can assume that
each of the edges of this form is disjoint from its image under h (see [14]).
If e$ is an edge of the form (vi , v$j) where j<i, then e$=,(e) for some e of
the form (vj , v$i), so embed e$ as h(e).
Let p1 and p2 denote the point where P and L meet and the point at
infinity respectively. Let V1 be contained in [ p1 , p2]. Add appropriate
edges from V1 to W2 which do not meet L or any part of G which we have
already embedded, and whose interiors are in the upper half space. Then
add the image of these edges under h. If there is an edge in G from vi to
v$i , then pick an arc a whose interior is in the upper half space, which does
not meet L or any part of G which we have already embedded, and which
goes from vi to [ p1 , p2]&V1 . Now let e=a _ h(a). By our hypothesis we
have at most two such edges together with points in V1 . Thus we have the
desired embedding of G in S3 such that h induces ,.
Definition. Let G be a graph with an order 2n automorphism ,, for
n>1. We say , is of type 3 if the vertices of G can be partitioned into three
sets, V1 , V2 , and V2n which satisfy:
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1. The vertices in Vp have order p.
2. The subgraph G1 spanned by V1 contains no edges.
3. The sum of the number of vertices in V1 and the number of edges
with vertices v and ,(v), where v is in V2 , is at most two.
4. The subgraph G1, 2 spanned by V1 _ V2 can be embedded in a
circle in such a way that a reflection of this circle realizes , | G1, 2 .
5. If G contains an edge of the form (v, ,2n&1(v)) with v in V2n , then
n=2 and G1, 2 is a proper subset of a circle.
Lemma 3. A graph G can be embedded in S3 such that there is an orien-
tation reversing homeomorphism h of (S3, G) with order 2n for some n>1
and fixed point set two points, if and only if G has an automorphism , of
type 3.
Proof. Suppose that h is an orientation reversing homeomorphism of
(S3, G) of order 2n where n>1. Let , be the automorphism of G which is
induced by h. By Smith Theory [16], the fixed point set of h is two points
p1 and p2 and the fixed point set of h2 is a circle J containing p1 and p2 .
Let q<2n. If q is even then hq has fixed point set J. If q is odd then hq is
still orientation reversing and still has order 2n, and it still has fixed point
set [ p1 , p2].
Now suppose v is a vertex of order q<2n. Then v is a fixed point of hq.
But this means that v is already a fixed point of h or h2. Hence q must
equal 1 or 2. So the vertices of G can be partitioned into V1 , V2 , and V2n
as required.
Since h has finite order, any edge whose vertices are fixed by h or h2,
must itself be fixed by h or h2, respectively. Thus G1 is contained in
[ p1 , p2], and G1, 2 is contained in J. The argument about edges of the form
(v, ,(v)) with v in V2 is as in Lemma 2. Since J contains p1 and p2 , we must
have h | J is a reflection. Suppose that there is an edge e of the form
(v, ,2n&1(v)), for some v in V2n . Then h2
n&1
(e)=e, and hence h2n&1 fixes a
point of e. So h2 must also fix this same point of e. Since v is not in V2 ,
the order of v must be 4. Hence n=2. Since this fixed point of e is on J
but not in G1, 2 , we know that G1, 2 is a proper subset of J.
To show the converse, consider S 3 as R3 together with the point at
infinity. Let , be a type 3 automorphism of G. Let P denote the xy-plane
and let L denote the z-axis. Let h denote the homeomorphism of S 3 which
fixes the point at infinity and reflects R3 through P while rotating about L
by ?2n&1. Let C be a circle in P centered at the point where L meets P.
Embed the points of V2n in C so that the action of , on V2n is induced
by h. Let J denote L together with the point at infinity. By hypothesis G1, 2
can be embedded in a circle in such a way that a reflection of this circle
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realizes , | G1, 2 . Since h | J is a reflection we can embed G1, 2 in J. If n=2,
let e be an edge of the form (v, ,2n&1(v)) with v in V2n , if there is such an
edge. If such an edge exists then, by hypothesis, G1, 2 is a proper subset of
J. Let x be a point on J&G1, 2 which is not fixed by h, and let d be an arc
from v to x whose interior is disjoint from J. Then h2(d ) is an arc from x
to ,2(v), so embed e as d _ h2(d ). Now ,(e) is another edge of this form
which we embed as h(e). Embed all edges of this form in this way.
Now let e1 , ..., ep be representatives of the other edge orbits of G2n , the
graph spanned by V2n . By deforming the edges a little bit if necessary in
the orbit space S3h, we can assume that all of the edges described above
of the form (v, ,2n&1(v)) are embedded and we can now embed e1 , ..., ep in
S3&J in such a way that e1 , ..., ep and their images under h have disjoint
interiors, and their interiors are disjoint from the vertices and edges which
we have already embedded. Now for each i and j, embed ,i (ej) as hi (ej).
Similarly, let f1 , ..., fr be representatives of each edge orbit which goes
between vertices in V1 _ V2 and V2n . Then, again by deforming the edges
a little bit if necessary in S 3h, embed f1 , ..., fr together with their images
under h so that they will have disjoint interiors, and their interiors will be
disjoint from the vertices and edges which we have already embedded. In
this way we have embedded G as desired.
After two more definitions, we can now easily prove our main result.
Definition. A graph G is said to be n-connected if at least n vertices
need to be removed (together with the edges containing them) in order to
separate G into disjoint subgraphs, or to reduce G to a single vertex.
Definition. We say (S 3, G) is achiral if there is a homeomorphism h of
the pair (S3, G) which is orientation reversing. An abstract graph G is said
to be achirally embeddable if there is an embedding of G in S3 such that
(S3, G) is achiral.
Theorem 1. Let G be a 3-connected graph. Then G is achirally embed-
dable in S3 if and only if there exists an automorphism , of G of type 1, 2
or 3.
Proof. Suppose that G is achirally embedded in S3. Then there is an
orientation reversing homeomorphism of (S3, G). Now since G is 3-connected,
by [15] there is a (possibly different) embedding of G in S 3 such that
(S3, G) has an orientation reversing homeomorphism f which is of finite
order. The order of f is p2n, where p is odd. So h=f p is an orientation
reversing homeomorphism of (S3, G) of order 2n. By Smith Theory [16]
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the fixed point set of h is a 2-sphere or two points. Thus we can
apply Lemma 1, Lemma 2, or Lemma 3 to obtain a type 1, 2, or 3
auto-morphism.
The converse is a direct application of the Lemmas.
As an immediate application of Theorem 1, we can easily reprove the
result from [13] that a complete graph on n vertices is intrinsically chiral
if and only if n=4p+3 for some p>0. That proof now goes as follows.
Let Kn be a complete graph on n vertices. If n<5 then Kn is planar and
hence achirally embeddable. If p>1 and n=4p, 4p+1, or 4p+2, then
there is an order four automorphism , of Kn of type 3. In particular, this
automorphism permutes 4p of the vertices in orbits of order 4, and fixes no
vertices, fixes one vertex, or interchanges two additional vertices, according
to whether n=4p, n=4p+1, or n=4p+2, respectively. So in all of these
cases, Kn is achirally embeddable. Suppose that Kn is achirally embeddable
and n=4p+3 for some p>0. Then by Theorem 1, there is an auto-
morphism , of Kn of type 1, 2, or 3. Suppose , is of type 1. Since G1 must
be planar there can be at most four vertices in V1 . So W2 and W$2 must
each contain at least two vertices. Since every vertex of W2 is connected
to every vertex of W$2 , there must be edges between these two sets which
are not of the form (v, ,(v)). This violates condition 3 of type 1 auto-
morphisms. Now suppose that , is of type 2. Then G1 has at most two
points and so there can be at most one vertex in V1 . Thus G contains at
least three 2-cycles. Now there must be at least three edges of the form
(v, ,(v)), which violates condition 3 of type 2 automorphisms. Hence ,
must be of type 3. Since G contains edges between every pair of vertices,
there is an edge of the form (v, ,2r&1(v)) with v in V2r . Hence the order of
, must be four. Since n=4p+3 there must be at least three vertices in
V1 _ V2 . But this means that G1, 2 , the graph spanned by V1 _ V2 , must
contain a circle. This violates condition 5 of type 3 automorphisms. So
K4p+3 is intrinsically chiral.
In order to illustrate further how our characterization of intrinsic
chirality can be used, we now prove that a new class of graphs is intrinsi-
cally chiral. We define this class of graphs as follows. Let K be a circle
containing vertices which are labelled consecutively by w1 , ..., wnp , and let
C be a disjoint circle containing vertices labelled consecutively by v1 , ..., vn .
The graph we want is obtained from K and C by adding an edge between
vi and wj if and only if j#i (mod n).
In order to motivate this class of graphs, we describe one particular
embedding of these graphs. Let W be a solid torus parametrized as a
product of a closed 2-dimensional disk B and a circle S1. Let C be the core
of W, that is the subset which has the form [O]_S1 where O represents
the center of the disk B. Define a meridional disk as any subset of W of the
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form B_[t] for some point t in S1. Let K be a simple closed curve in the
interior of W which does not intersect C and which has the property that
K intersects every meridional disk in precisely p points. This means that K
winds around the solid torus p times always going in the same direction.
In knot theory, such a simple closed curve K is called a p-string braid. Pick
particular meridional disks D1 , ..., Dn of W. Add a vertex to K and to C at
each point where K and C, respectively, meets one of these meridional
disks. Label these vertices so that Di meets C at vi and Di meets K at
wi , wi+n , ..., wi+( p&1)n . Now for each i=1, ..., n and for each j=0, ..., p&1,
add an edge between vi and wi+jn . Although our graph can be embedded
in various other ways, we shall call an abstract graph of this form a p-braid
graph with n axle points.
If p=1, then these graphs are planar, so we shall restrict attention to
when p>1. Also we must have n>2 since by our definition of a graph any
simple closed curve must contain at least three vertices. One particular
embedding of a p-braid graph with n-axle points which is easy to prove is
chiral, is when K is embedded as a knot which is known to be chiral. Note,
for example, that any ( p, q)-torus knot is known to be chiral. Suppose that
h is an orientation reversing homeomorphism of (S3, G). Observe that all
of the vertices on K have valence 3 while all the vertices on C have valence
p+2. Thus h(K)=K and h(C)=C. But this is impossible since K is a
chiral knot.
A noteworthy subclass of examples occurs when p=2. In this case by
omitting the vertices and edges on C we obtain the Mo bius ladders. The
first author has proved in [9] that the Mo bius ladders are intrinsically
chiral if and only if n is odd. It is easy to show that this result is unchanged
by the addition of the vertices and edges on the curve C.
Theorem 2. Let p>2 and n>2, and let G be a p-braid graph with n
axle points. Then G is achirally embeddable if and only if p is odd and n is
even.
Proof. Assume first that p is odd and n is even. Let , denote an
automorphism of K which takes each vertex wi to the vertex wi+np2 .
Throughout the proof we shall consider the subscripts of w mod np and the
subscripts of v mod n. Observe that wi is connected by an edge to vi , and
wi+np2 is connected by an edge to vi+n2 , since n is even and p is odd.
Hence we can extend , to all of G by defining ,(vi)=vi+n2 . So , also
rotates C by ?. This means that every vertex of G has order two under ,,
and there are no edges of the form (v, ,(v)). Therefore , is of type 2, so we
can conclude that G is achirally embeddable.
Now we assume that G has an automorphism , of type 1, 2, or 3. Since
all the vertices on C have valence greater than all the vertices on K, we
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must have ,(C)=C and ,(K)=K. If , reverses the orientation of C, then
there exists some vertex vj such that ,(v1)=vj and ,(v2)=vj&1 , since ,
must preserve adjacency of vertices. For some k, we have ,(w1)=wj+kn ,
because w1 is adjacent to v1 so ,(w1) must be adjacent to vj . This now
implies that ,(w2)=wj+kn&1 , since ,(w1) and ,(w2) must be adjacent.
Hence , also reverses the orientation of K. The same argument establishes
the converse. Thus , reverses the orientation of K if and only if , reverses
the orientation of C.
Now suppose that , is of type 1. Observe that for p>2 and n>2, G is
not planar since it contains a K3, 3 . Hence the entire graph is not fixed
pointwise by ,. Further, if , fixed K pointwise then , would also fix C
pointwise and hence the entire graph. Thus , does not fix K pointwise.
Now if there is a pair of adjacent vertices wi and wi+1 on K such that wi
is in W2 and wi+1 is in W$2 , then by condition 3, ,(wi)=wi+1. Otherwise
there is a vertex wj on K which is in V1 and ,(wj&1)=wj+1 . In either case
K is reflected by ,, hence C must also be reflected by ,.
Therefore there is a vertex vi in C which is in W2 . So by adjacency
to vi , according to condition 3 we must have that the vertices
wi , wi+n , ..., wi+( p&1) n are all in W2 since none of these vertices could be
fixed by ,. For any j<p, let A denote the arc in K containing just the
vertices wi+jn , wi+jn+1 , ..., wi+( j+1) n . Since both endpoints of A are in W2 ,
by condition 3 either every vertex on A is in W2 , or there are two points
in the interior of A which are fixed by ,. But half of the order two vertices
of K must be contained between the two fixed points of , on K. Thus, if
two points in the interior of A are fixed by ,, then A must contain at least
(np&2)2 vertices in its interior. Yet A contains only n&1 vertices in its
interior, and n&1<(np&2)2, since p>2. Therefore, every vertex on A
must be in W2 . As j was arbitrary, we conclude that every vertex in K must
be in W2 . But this is impossible since ,(K)=K. By this contradiction we
conclude that , is not of type 1.
Suppose that , is of type 2 or 3. Then , has at most two fixed points.
If , reverses the orientations of both C and K, then , must fix two points
on C and also two points on K, which violates condition 3. Therefore ,
reflects neither K nor C, and so fixes no points on K or C.
Since every vertex orbit is of even order, if n were odd there would be
some vertex of C which is fixed by ,. Hence n must be even. Let wi be a
vertex on K, then the antipodal vertex on K is wi+np2 . Suppose that , is of
type 3 and p is even. Then the order of , is 2r for some r>1. Now for all
i=1, ..., n we have ,2r&1(wi)=wi+np2 , and so ,2
r&1
(vi)=vi . Thus all the ver-
tices on C have order less than 2r. Now by condition 1 of the definition of
type 3, the vertices on C must have order 2, so C is G1, 2 , the graph spanned
by V1 _ V2. Furthermore, the restriction , | G1, 2 must be realized by a
reflection of a circle. As we know that , does not reflect C, p cannot be even.
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Now suppose that , were of type 2. Then ,(wi)=wi+np2 . If p were even,
then both wi and wi+np2 would be connected to the same vertex vi on C.
Hence this means that ,(vi)=vi . As this is impossible, p must be odd.
Now if G is achirally embeddable then since G is 3-connected, there is an
automorphism of G of type 1, 2, or 3. We have seen that G has no
automorphism of type 1, and if G has an automorphism of type 2 or
type 3 then n must be even and p must be odd. So we are done.
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